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DEFORMATIONS OF SMOOTH COMPLETE TORIC VARIETIES:
OBSTRUCTIONS AND THE CUP PRODUCT
NATHAN ILTEN AND CHARLES TURO
Abstract. Let X be a complete Q-factorial toric variety. We explicitly de-
scribe the spaceH2(X, TX) and the cup product mapH
1(X, TX)×H
1(X, TX)→
H2(X, TX) in combinatorial terms. Using this, we give an example of a smooth
projective toric threefold for which the cup product map does not vanish,
showing that in general, smooth complete toric varieties may have obstructed
deformations.
1. Introduction
1.1. Background and Motivation. Let X be any variety over an algebraically
closed field K of characteristic not equal to two or three. The deformation theory
of X provides useful information on how X might fit into a moduli space. The
abstract theory guarantees that in good situations (e.g. X complete orX an isolated
singularity) X will possess a versal deformation, from which all deformations of X
can be induced. However in practice, the versal deformation of a given variety may
be very difficult to describe in its entirety. It is thus interesting to study classes of
varieties for which one may more explicitly understand the deformation theory.
One special class of varieties whose deformation theory has been studied are
toric varieties. Deformations of such varieties have applications ranging from mir-
ror symmetry [Mav04, CCG+13] to Ka¨hler-Einstein and extremal metrics [RT14,
IS17]. The deformation theory of affine toric varieties has been described exten-
sively by Altmann. Combinatorial formulas exist for the tangent and obstruction
spaces T 1X and T
2
X as well as a combinatorial description of the cup product map
[Alt94, Alt97a], see also recent work by Filip [Fil]. A combinatorial recipe may be
used to construct deformations of X over affine space [Alt95], and in some cases
(e.g. isolated Gorenstein singularities) there is an explicit combinatorial description
of the entire versal deformation [Alt97b].
In this paper, we will instead continue the program initiated by the first author
in [Ilt11] of describing the deformation theory of smooth, complete toric varieties.
Let X be a smooth complete toric variety corresponding to a fan Σ. In loc. cit. Il-
ten gave a combinatorial description of the space T 1X = H
1(X, TX) of first order
deformations:
(1) H1(X, TX) =
⊕
ρ∈Σ(1)
⊕
u∈M
ρ(u)=−1
H˜0(Γρ,u,K)
where ρ ranges over all rays of the fan Σ, M is the character lattice of the torus of
X , ρ(u) ∈ Z denotes the pairing between the primitive generator of ρ and u, and
Γρ,u is a certain graph, see §3. Here, H˜ denotes reduced cohomology.
1
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Generalizing Altmann’s construction in the affine case, Ilten and Vollmert gave
a recipe for producing deformations of any toric variety X over affine spaces from
combinatorial data [IV12], see also work by Mavlyutov [Mav] and Petracci [Pet]. In
particular, when X is smooth and complete, each connected component of a graph
Γρ,u appearing in (1) gives rise to a one-parameter deformation (over A
1) lifting the
corresponding first order deformation in T 1X [IV12, Theorem 6.5]. In fact, for any
character u ∈M , one may use this construction to produce a deformation over Am
whose image in T 1X spans the entire degree u piece. This is evidence that, despite
in general having non-vanishing obstruction spaces, smooth complete toric varieties
might have unobstructed deformations, similar to the situation of e.g. Calabi-Yau
varieties [Tia87, Tod89]. However, we will see below that this is not the case.
1.2. Results. Throughout, X will be a complete Q-factorial toric variety corre-
sponding to a fan Σ with character lattice M . The description (1) of H1(X, TX) in
the case X smooth also holds when X is only Q-factorial, see §3. There is also a
straightforward generalization of (1) for H2(X, TX):
Proposition 1.1 (Proposition 3.1). The cohomology group H2(X, TX) may be de-
composed as
(2) H2(X, TX) =
⊕
ρ∈Σ(1)
⊕
u∈M
ρ(u)=−1
H1(Kρ,u,K)
where each Kρ,u is a simplicial complex determined from Σ, see §3.
Our main result is then to give a combinatorial description of the cup product
map
H1(X, TX)×H
1(X, TX)→ H
2(X, TX)
using (1) and (2). When X is smooth, H2(X, TX) is the obstruction space T 2X ,
and the cup product may be used to obtain the quadratic terms in the obstruction
equations for the versal deformation of X . To describe the cup product, we will use
Cˇech cohomology (with respect to a closed covering) to describe elements of the
cohomology groups H˜0(Γρ,u,K) and H
1(Kρ,u,K). The closed covering we consider
will be indexed by maximal cones σ ∈ Σ; the corresponding closed sets will be the
intersections of σ with either Γρ,u or Kρ,u.
Theorem 1.2 (Theorem 4.3). Fix ρ, ρ′ ∈ Σ(1) and u, u′ ∈M with ρ(u) = ρ′(u′) =
−1.
(1) The image of
H˜0(Γρ,u,K)× H˜
0(Γρ′,u′ ,K)
in H2(X, TX) under the cup product via (1) is 0 unless ρ(u′) = 0 or ρ′(u) =
0.
(2) Assume that ρ(u′) = 0, and let f = (fσ) and f
′ = (f ′σ) be Cˇech zero-
cycles of Γu,ρ and Γu′,ρ′ . Then the cup product of (f, f
′
) is contained in
H1(Kρ,u+u′) via (2) and may be represented by the Cˇech one-cocycle g =
(gστ ) where
gστ =
{
ρ′(u)
2 (fσf
′
τ − fτf
′
σ) Kρ,u+u′ ∩ σ ∩ τ 6= ∅,
0 otherwise.
A similar formula holds when ρ′(u) = 0.
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While this theorem gives an explicit description of the cup product on the com-
binatorial level, it is perhaps not always immediately obvious when the one-cocycle
(gστ ) is non-trivial. To remedy this, we proceed as follows. Assume as in the sec-
ond part of the theorem that ρ(u′) = 0. Consider any simple cycle α in Kρ,u+u′ ,
and connected components Z and Z ′ of Γρ,u and Γρ′,u′ . Then H
1(α,K) = K
with canonical generator αfun, and Z and Z
′ induce elements of H˜0(Γρ,u,K) and
H˜0(Γρ′,u′ ,K). The pullback of the cup product of these elements to H
1(α,K) is
(Z ∗α Z ′) · αfun, where Z ∗α Z ′ is determined from the intersection behaviour of Z
and Z ′ along α, see §5.2 and Theorem 5.3 for a precise statement.
This leads to a straightforward method to determine when the cup product
vanishes. In particular, we may easily use this to construct examples of smooth
toric threefolds where the cup product does not vanish:
Corollary 1.3 (Corollary 6.1). There exists a smooth complete toric threefold with
obstructed deformations.
1.3. Murphy’s Law and Future Directions. Is this obstructedness result (Corol-
lary 1.3) surprising? We would argue that although perhaps not surprising, it is
far from obvious. On the one hand, Vakil has shown Murphy’s Law for several
classes of deformation problems, that is, that arbitrarily bad singularities of finite
type over Z can occur in the versal deformations [Vak06]. For example, this is true
for smooth projective n-folds (n ≥ 2) with ample canonical class. Vakil writes that
his results suggest that “unless there is some natural reason for the [deformation]
space to be well-behaved, it will be arbitrarily badly behaved.”
On the other hand, toric varieties are so special that there may well be a natural
reason for the deformation space to be well-behaved. In fact, Murphy’s Law is false
for smooth toric varieties! This follows e.g. from [IV12, Theorem 6.5], which implies
in particular that the versal deformation space of a smooth complete toric variety
cannot be a fat point.
This means that the deformation theory of smooth complete toric varieties may
belong to the small class of deformation problems which are obstructed, yet one
can still hope to completely describe in some explicit manner. The next natural
question to address is:
Question 1.4. Is the versal deformation of a smooth complete toric variety cut
out by quadrics?
In fact, if we knew that the versal deformation was cut out by quadrics, then our
results here would completely determine those equations. At the moment, we have
far too little evidence to posit an answer one way or the other.
The remainder of this paper is organized as follows. In §2, we recall basic facts of
Cˇech cohomology and toric geometry. In §3, we prove Proposition 1.1, describing
T 2X combinatorially. The main work of this paper is contained in §4, where we
prove our combinatorial description of the cup product (Theorem 1.2). In §5 we
show how the cup product pulls back to simple cycles α. Finally, in §6, we present
an example of an obstructed smooth toric threefold, proving Corollary 1.3.
2. Preliminaries
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2.1. Cˇech Cohomology. We begin by recalling basics of Cˇech cohomology and
fixing notation. See e.g. [Bos13, §7.6] for more details. Let X be a topological space
and U = {Ui}i∈I either an open or closed cover of X . For any sheaf F of abelian
groups on X , the group Cˇpsing(U ,F) of singular pth Cˇech cochains is
Cˇ
p
sing(U ,F) =
∏
(i0,...,ip)∈Ip+1
F(Ui0 ∩ . . . ∩ Uip).
The differential dp : Cˇpsing(U ,F)→ Cˇ
p
sing(U ,F) is defined by d
p(f) = g, where
gi0...ip+1 =
p+1∑
k=0
(−1)k(f
i0...îk...ip+1
)|Ui0∩...∩Uip+1 .
The pth singular Cˇech cohomology group of F with respect to the cover U is the
pth cohomology Hˇpsing(U ,F) of the complex (Cˇ
•
sing, d
•). Elements of the kernel of
dp are called singular Cˇech cocycles.
It is more common to work with either alternating or ordered Cˇech cohomology,
since these have bounded length and involve fewer terms. We will opt to consistently
work with alternating Cˇech cohomology: if we do not explicitly specify that we are
talking about singular Cˇech cohomology, then we are referring to alternating Cˇech
cohomology. This is defined as follows.
The group of (alternating) pth Cˇech cochains Cˇp(U ,F) is the subgroup of Cˇpsing(U ,F)
consisting of elements f satisfying
fipi(0)...ipi(p) = sign(π)fi0...ip
for any permutation π ∈ Sp+1 of 0, . . . , p, and
fi0...ip = 0
if any index ij is repeated. After eliminating terms with doubled indices, the differ-
ential dp on the singular Cˇech complex also gives a differential on the subcomplex
Cˇ•(U ,F). The pth (alternating) Cˇech cohomology group of F with respect to U
is the pth cohomology Hˇp(U ,F) of this subcomplex. Elements of Cˇp(U ,F) in the
kernel of dp are called (alternating) Cˇech cocycles.
The inclusion of complexes Cˇ•(U ,F) →֒ Cˇ•sing(U ,F) induces homomorphisms of
cohomology groups Hˇp(U ,F) → Hˇpsing(U ,F). In fact, on the level of cohomology,
these maps are isomorphisms, see [Bos13, §7.6 Lemma 1]. For our purposes, we
need a map Cˇ•sing(U ,F) → Cˇ
•(U ,F) which on cohomology induces the inverse of
this isomorphism:
Lemma 2.1. Assume that F is a sheaf of Q-modules. The maps
φp : Cˇpsing(U ,F)→ Cˇ
p(U ,F)
defined by
φp(f)i0...ip =
1
(p+ 1)!
∑
π∈Sp+1
sign(π)fipi(0) ...ipi(p)
give a homormophism of complexes. The induced map on cohomology is an isomor-
phism inverse to the map induced by the inclusion of Cˇ• in Cˇ•sing.
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Proof. We first show that φ• is a homomorphism of complexes. Let f ∈ Hˇpsing(U ,F)
be contained in a single summand, say F(Uj0 ∩ . . . ∩ Ujp). Let i0, . . . , ip+1 be such
that there are no repeated indices, and there is some ℓ ≤ p+ 1 and some σ ∈ Sp+2
such that σ(ℓ) = ℓ and
(j0, . . . , jp) = (iσ(0), . . . , îℓ, . . . , iσ(p+1)).
Note that such ℓ, σ are necessarily unique. Then
dp(φp(f))i0...ip+1 =
p+1∑
k=0
(−1)kφp(f)
i0...îk...ip+1
=
1
(p+ 1)!
(−1)ℓ sign(σ)fj0...jp .
Furthermore,
φp+1(dp(f))i0...ip+1 =
∑
π∈Sp+2
1
(p+ 2)!
sign(π)dp(f)ipi(0)...ipi(p+1)
=
∑
π∈Sp+2
p+1∑
k=0
1
(p+ 2)!
sign(π)(−1)kf
ipi(0)... ̂ipi(k)...ipi(p+1)
=
1
(p+ 1)!
(−1)ℓ sign(σ)fj0...jp .
with the final equality following from the fact that for each k = 0, . . . , p+ 1, there
is exactly one π ∈ Sp+2 such that π(k) = ℓ and
(iπ(0), . . . , îℓ, . . . , iπ(p+1)) = (j0, . . . , jp).
Indeed, for such π, sign(π)(−1)k = sign(σ)(−1)ℓ and the equality follows.
For tuples (i0, . . . , ip+1) of any other form, it is immediate that
dp(φ(p))i0...ip+1 = φ
p+1(dp(f))i0...ip+1 = 0.
It follows by linearity that d• is a morphism of complexes.
It is straightforward to check that φp is a section to the inclusion of Hˇp(U ,F) in
Hˇ
p
sing(U ,F). Since this inclusion induces an isomorphism on cohomology, it follows
that φp does as well. 
Remark 2.2. If F is a sheaf of modules over a field K of characteristic q 6= 0, one
may still define the map φ as in Lemma 2.1 for those p such that p < q−1. It follows
that it will still induce an isomorphism of cohomology for p < q − 2. In particular,
since we are always assuming that our base field K doesn’t have characteristic two
or three, we will always obtain isomorphisms in cohomology for p = 0, 1, 2.
In the following, we will be using Cˇech cohomology in two situations. The first
is when X is an algebraic variety, F is a coherent sheaf, and U is a particular
open affine cover. In this case Hˇp(U ,F) is canonically isomorphic to the sheaf
cohomologyHp(X,F) [Har77, Theorem 4.5], so we will usually just writeHp(X,F).
The second situation is whenX is a finite simplicial complex, F is the constant sheaf
with coefficients in K, and U is a particular cover by closed simplices, all of whose
intersections are contractible. In this case, Hˇp(U ,F) is canonically isomorphic to
the simplicial cohomology groups Hp(X,K) [God58, §II.5.2], and we will again
usually just write Hp(X,K).
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2.2. Cup products. Assume now that F is a sheaf of algebras on a topologi-
cal space X with covering U . The multiplication in F induces a cup product in
cohomology
Hˇp(U ,F)× Hˇq(U ,F)→ Hˇp+q(U ,F).
This is described for the singular Cˇech cohomology groups as follows, see e.g. [Bos13,
§7.6 Exercise 6]. Given singular p- and q-cocycles f = (fi0...ip) and f
′ = (f ′i0...iq ),
the cup product of the cohomology classes represented by f and f ′ is represented
by the p+ q cocycle g = (gi0...ip+q ) with
(3) gi0...ip+q = fi0...ip ∗ f
′
ip...ip+q
where ∗ denotes the product on F . This product gives
⊕
p Hˇ
p
sing(U ,F) the structure
of a graded associative algebra.
For our purposes, we desire a description similar to (3) for the cup product be-
tween alternating Cˇech cohomology groups. This may be obtained by appropriately
composing the maps between Cˇ•(U ,F) and Cˇ•sing(U ,F) with the cup product on
singular Cˇech cohomology.
We will do this explicitly for the case of interest to us, namely, when F = TX
is the tangent sheaf on an algebraic variety X with product induced by the Lie
bracket [, ], and p = q = 1:
Lemma 2.3. Let f = (fij) and f = (f
′
ij) be Cˇech one-cycles in Cˇ
1(U , TX). Then
the image of their cohomology classes under the cup product map
Hˇ1(U ,F)× Hˇ1(U ,F)→ Hˇ2(U ,F)
is represented by the two-cycle g = (gijk) with
gijk =
1
6
(
[fij , f
′
jk] + [fij , f
′
ik] + [fik, f
′
jk]− [fik, f
′
ij ]− [fjk, f
′
ik]− [fjk, f
′
ij ]
)
.
Proof. To compute the cup product, we first include f and f ′ in the group of
singular Cˇech cochains Cˇ1sing(U , TX), and then apply (3) to find a representative g˜
of the cup product as a singular two-cycle. We obtain
g˜ijk = [fij , f
′
jk].
Setting g = φ2(g˜), we have
gijk =
1
6
(
[fij , f
′
jk] + [fjk, f
′
ki] + [fki, f
′
ij ]− [fji, f
′
ik]− [fkj , f
′
ji]− [fik, f
′
kj ]
)
=
1
6
(
[fij , f
′
jk] + [fij , f
′
ik] + [fik, f
′
jk]− [fik, f
′
ij ]− [fjk, f
′
ik]− [fjk, f
′
ij ]
)
.
The claim of the lemma now follows from Lemma 2.1. 
Remark 2.4. Choosing a section to the inclusion of Cˇ•(U , TX) →֒ Cˇ•sing(U , TX)
that is different from our preferred section φ would lead to a representation of the
cup product on the cocycle level that is different from that of Lemma 2.3. Our
choice of section φ was motivated by the symmetry of the expression for gijk in this
lemma.
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2.3. Toric Varieties. We now fix notation and review some basic facts from toric
geometry. See [Ful93] or [CLS11] for a more thorough introduction. Throughout
the paper we will fix a lattice M which is the character lattice of the algebraic
torus T = SpecK[M ]. The lattice N = Hom(M,Z) is the lattice of one-parameter
subgroups of T . We denote the Q-vector spaces associated to M,N by MQ and NQ.
Given a fan Σ in NQ, we associate a toric variety XΣ, see [CLS11, §3.1]. The
variety XΣ is covered by open affine varieties Uσ as σ ranges over maximal cones
in the fan Σ, where
Uσ = SpecK[M ∩ σ
∨]; σ∨ = {u ∈MQ | v(u) ≥ 0 ∀v ∈ σ}.
We denote the regular function on Uσ associated to u ∈M ∩ σ
∨ by χu.
Important geometric properties of XΣ can be translated into properties on Σ.
For example, the variety XΣ is complete if and only if the fan Σ is complete, that
is, the union of all cones in Σ is all of NQ [CLS11, Theorem 3.4.6]. Likewise, the
variety XΣ is smooth if and only if Σ is smooth, that is, each maximal σ ∈ Σ
has rays whose primitive generators are a subset of a lattice basis of N [CLS11,
Theorem 3.1.19]. Slightly more generally, the variety X is Q-factorial if and only
if Σ is a simplicial fan, that is, each maximal σ ∈ Σ has rays whose primitive
generators are linearly independent [CLS11, Proposition 4.2.7]. We will henceforth
always assume that Σ is complete and simplicial. In other words, we will assume
that X is Q-factorial and complete.
We denote the rays of Σ by Σ(1); to any ray ρ ∈ Σ(1) and u ∈ M we denote
by ρ(u) the evaluation of the primitive lattice generator of ρ at u. Prime torus
invariant divisors of XΣ are in bijection with rays in Σ
(1) [CLS11, §4.1]. We denote
the divisor corresponding to ρ by Dρ. Any torus invariant divisor D may be written
uniquely as a sum
D =
∑
ρ∈Σ(1)
aρDρ.
The sheafO(D) has the following local description: the function χu is inH0(Uσ,O(D))
if and only if
ρ(u) + aρ ≥ 0
for all ρ ∈ σ ∩ Σ(1). In particular, fixing a ray ρ, χu ∈ H0(Uσ,O(Dρ)) if and only
if for all ǫ ∈ σ ∩ Σ(1),
(4) ǫ(u) ≥
{
0 ǫ 6= ρ,
−1 ǫ = ρ.
2.4. The Euler Sequence. The fundamental tool for understanding the tangent
bundle on a smooth toric variety is the Euler sequence. For X = XΣ complete and
Q-factorial, there is an exact sequence of sheaves
0 // N1 ⊗OX //
⊕
ρ∈Σ(1) OX(Dρ) η
// TX // 0
where N1 is a finite dimensional vector space, see [CLS11, Theorem 8.1.6] (and
dualize). This generalizes the standard Euler sequence on projective space. We
will need an explicit description of the map η. Following through the construction
in loc. cit. and dualizing, one obtains that
(5) η(χu) = ∂(ρ, u)
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for χu a local section of O(Dρ), where the derivation ∂(ρ, u) is defined via
∂(ρ, u)(χv) = ρ(v)χu+v
for any v ∈M .
We will be interested in the cohomology groups of TX . The following was first
observed by Jaczewski in the smooth case:
Lemma 2.5. [Jac94] For p ≥ 1, the map η induces isomorphisms⊕
ρ∈Σ(1)
Hp(X,OX(Dρ))→ H
p(X, TX).
Proof. This follows directly from the Euler sequence, the long exact sequence of
cohomology, and the vanishing of Hp(X,OX) for p ≥ 1, see [CLS11, Theorem
9.2.3]. 
2.5. Cohomology of Divisorial Sheaves on Toric Varieties. In order to un-
derstand the cohomology of TX , Lemma 2.5 implies that it will be useful to have
a combinatorial description of the cohomology groups of the sheaves O(Dρ). Since
T acts on X = XΣ, it will also act on the spaces of sections of TX and O(D) for
any torus invariant divisor D. This induces an M -grading on the respective coho-
mology groups. We will follow [CLS11, §9.1] to describe the graded pieces of these
cohomology groups. We go into what might seem more detail than necessary since
we will later need explicit descriptions of the maps between various isomorphic
cohomology groups.
Let D =
∑
aρDρ be any torus invariant divisor. Fixing some u ∈ M , we define
the simplicial complex
VD,u =
⋃
σ∈Σ
conv{nρ | ρ ∈ σ ∩ Σ
(1) and ρ(u) + aρ < 0} ⊂ NQ
where nρ is the primitive generator of any ray ρ. For each σ ∈ Σ, there is a natural
exact sequence
0→ H0(Uσ,OX(D))u → K→ H
0(VD,u ∩ σ,K)→ 0,
see [CLS11, Equation 9.1.10]. Here, H0(Uσ,OX(D))u denote the degree u piece
of H0(Uσ,OX(D)). Let I be the set of maximal cones in Σ; we consider the open
cover U = {Uσ}σ∈I of XΣ. Likewise, we have a closed cover V = {Vσ}σ∈I of VD,u,
where Vσ = VD,u ∩ σ. The above exact sequence thus leads to an exact sequence
(6) 0→ Cˇp(U ,O(D))u → Cˇ
p(W ,K)→ Cˇp(V ,K)→ 0
where W = {Wσ}σ∈I is the trivial closed cover of a single point x with each
Wσ = x. This sequence is compatible with the Cˇech differentials, so we obtain an
exact sequence of Cˇech complexes. Since H0(x,K) = K and Hp(x,K) = 0 for p > 0,
the long exact sequence of cohomology implies that the connecting homomorphisms
(7) Hˇp−1(V ,K)→ Hˇp(U ,O(D))u
are isomorphisms if p ≥ 2, and for p = 1 we have the exact sequence
0→ H0(X,O(D))u → K→ H
0(VD,u,K)→ H
1(X,O(D))u → 0.
This final exact sequence induces an isomorphism between the reduced cohomology
H˜0(VD,u,K) and H
1(X,O(D)), see [CLS11, Theorem 9.1.3].
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3. Tangent and Obstruction Spaces
As before, we are considering a complete Q-factorial toric variety X = XΣ. For
ρ ∈ Σ(1) and u ∈M , we define
Vρ,u := VDρ,u
and notice that the vertices of Vρ,u have the following concrete description: for
ǫ ∈ Σ(1), nǫ ∈ Vρ,u if and only if
(1) ǫ = ρ and ǫ(u) < −1; or
(2) ǫ 6= ρ and ǫ(u) < 0.
We define Γρ,u and Kρ,u to respectively be the one- and two-skeleta of Vρ,u. Below
we will come to see that we only need to consider the special case when ρ(u) = −1,
in which case the description of the vertices of Vρ,u simplifies and nρ itself is never
a vertex of Vρ,u.
We briefly comment on the decomposition
H1(X, TX) =
⊕
ρ∈Σ(1)
⊕
u∈M
ρ(u)=−1
H˜0(Γρ,u,K).
This was shown in [Ilt11] in the smooth case; it was noted in [Mav] that this
also holds in the Q-factorial case. The decomposition arises by combining Lemma
2.5 with the isomorphism between H˜0(VDρ,u,K) and H
1(X,O(Dρ)) described in
§2.5. One then notes that H˜0(VDρ,u,K) = H˜
0(Γρ,u,K), and this is non-zero only if
ρ(u) = −1.
A similar argument to the one above yields a description of H2(X, TX):
Proposition 3.1. The space H2(X, TX) may be decomposed as
H2(X, TX) =
⊕
ρ∈Σ(1)
⊕
u∈M
ρ(u)=−1
H1(Kρ,u,K).
Proof. By Lemma 2.5, we have an M -graded isomorphism⊕
ρ∈Σ(2)
Hp(X,OX(Dρ))→ H
2(X, TX).
Coupled with equation (7), we obtain
H2(X, TX)u ∼=
⊕
ρ∈Σ(1)
H1(Vρ,u,K).
We now show that H1(Vρ,u,K) = 0 unless ρ(u) = −1. From the explicit de-
scription of Vρ,u above, we observe that if ρ(u) 6= −1, then Vρ,λ·u is the same for
any λ ∈ Z>0. In particular, if H1(Vρ,u,K) 6= 0, H2(X,O(Dρ)) would be an infinite
dimensional K-vector space, which is impossible since X is complete. We conclude
that we must only consider those pairs (ρ, u) such that ρ(u) = −1.
Finally, the first cohomology of Vρ,u is the same as that of its two-skeleton
Kρ,u. 
We will be interested in special zero-cocycles f = (fσ) representing elements of
H˜0(Γρ,u,K) coming from a connected component Z of Γρ,u. For such a connected
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component Z, we define f(Z) = (f(Z)σ) by
(8) f(Z)σ =
{
1 σ ∩ Z 6= ∅
0 σ ∩ Z = ∅
.
These will be useful cocycles for us, since the classes of {f(Z)} form a basis for
H0(Γρ,u,K) as Z ranges over all connected components of Γρ,u. In particular, they
provide a spanning set for H˜0(Γρ,u,K). If we are instead considering a connected
component Z ′ of Γρ′,u′ , we will use the notation f
′(Z ′).
4. Combinatorial Description of Cup Product
4.1. Mapping to H2(X, TX). Fix ρ, ρ′ ∈ Σ(1) and u, u′ ∈ M satisfying ρ(u) =
ρ′(u′) = −1. We now describe the map
H˜0(Γρ,u,K)× H˜
0(Γρ′,u′ ,K)→ H
2(X, TX)u+u′
induced by the cup product in terms of Cˇech cocycles:
Lemma 4.1. Let f = (fσ), f
′ = (f ′σ) be Cˇech zero-cycles of Γρ,u and Γρ,u′ . The
image in H2(X, TX) of the corresponding reduced cohomology classes under the cup
product is represented by the Cˇech two-cycle θ = (θστγ), where
θστγ =
1
2
(
fσf
′
τ − fτf
′
σ + fγf
′
σ − fσf
′
γ + fτf
′
γ − fγf
′
τ
)
·
(
ρ(u′)∂(ρ′, u+ u′)− ρ′(u)∂(ρ, u+ u′)
)
.
Proof. We just need to trace through the inclusions of H˜0(Γρ,u,K) and H˜
0(Γρ′,u′ ,K)
in H1(X, TX) and compose with the description of the cup product found in Lemma
2.3. First, mapping f to a cohomology class inH1(X,O(Dρ))u, we must use the first
connecting homomorphism of (6). We do this by sending f to a = (aσ) ∈ Cˇ0(W ,K)
with aσ = fσ and applying the differential d
0 to obtain b = d0(a) ∈ Cˇ1(W ,K) with
bστ = aτ − aσ = fτ − fσ.
By construction, this is the image of the element c ∈ Cˇ1(U ,O(D))u where
cστ = (fτ − fσ) · χ
u.
Mapping further to H1(X, TX)u using Lemma 2.5, we obtain the cocycle g = (gστ ),
where
gστ = (fτ − fσ)∂(ρ, u).
A similar computation holds for f ′; we denote the corresponding one-cocycle in
Cˇ1(U , TX)u′ by g′.
Before applying Lemma 2.3, we note the straightforward calculation
[∂(ρ, u), ∂(ρ′, u′)] = ∂(ρ, u) ◦ ∂(ρ′, u′)− ∂(ρ′, u′) ◦ ∂(ρ, u)
= ρ(u′)∂(ρ′, u+ u′)− ρ′(u)∂(ρ, u+ u′).
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Taking this into account while applying the lemma to g and g′, we obtain the
two-cocycle θ with
θστγ =
1
6
(
(fτ − fσ)(f
′
γ − f
′
τ ) + (fτ − fσ)(f
′
γ − f
′
σ) + (fγ − fσ)(f
′
γ − f
′
τ )
−(fγ − fσ)(f
′
τ − f
′
σ)− (fγ − fτ )(f
′
γ − f
′
σ)− (fγ − fτ )(f
′
τ − f
′
σ)
)
·
(
ρ(u′)∂(ρ′, u+ u′)− ρ′(u)∂(ρ, u+ u′)
)
.
This simplifies to the expression in the claim. 
4.2. Lifting to H2(X,O(Dρ)). We now show how to lift the cocycle θ of Lemma
4.1 to a cocycle representing an element of
H2(X,O(Dρ))u+u′ ⊕H
2(X,O(Dρ′))u+u′ .
Lemma 4.2. Assume that ρ 6= ρ′. With f, f ′, θ as in Lemma 4.1, define
κ = (κστγ) κ
′ = (κ′στγ);
κστγ =
ρ′(u)
2
(
fσf
′
τ − fτf
′
σ + fγf
′
σ − fσf
′
γ + fτf
′
γ − fγf
′
τ
)
· χu+u
′
;
κ′στγ =
ρ(u′)
2
(
fσf
′
τ − fτf
′
σ + fγf
′
σ − fσf
′
γ + fτf
′
γ − fγf
′
τ
)
· χu+u
′
.
Then κ and κ′ are two-cocyles in Cˇ2(U ,O(Dρ) and Cˇ2(U ,O(Dρ′ ), and the image
of κ′ − κ under the map to Cˇ2(U , TX) induced by η is exactly θ.
Proof. It follows from the explicit description of η in (5) that the image of κ′ − κ
is indeed θ. So we just need to show that κ and κ′ are two-cocycles. We will show
below that for all στγ, κστγ is an element of H
0(Uσ ∩ τ ∩ γ,O(Dρ)). A similar
statement will also hold for κ′. It then remains to show that κ and κ′ are in the
kernel of the differential d2. But since for ρ 6= ρ′, ∂(ρ, u+ u′) and ∂(ρ′, u+ u′) are
linearly independent over K, the images of κ and κ′ under the map induced by η
must lie in the kernel of the differential. It follows that κ and κ′ must as well.
So we are left to show the claim that κστγ is an element of H
0(Uσ∩τ∩γ ,O(Dρ))
for arbitrary choice of σ, τ, γ. By bilinearity of the cup product, it suffices to do
this for the special cases when f = f(Z) and f ′ = f(Z ′) as in (8) for connected
components Z,Z ′ of Γρ,u and Γρ′,u′ . In the following, we shall fix such components
Z,Z ′.
To show that κστγ is a regular section as desired, we need to show that either
χu+u
′
∈ H0(Uσ∩τ∩γ ,O(Dρ)), ρ′(u) = 0, or
fσf
′
τ − fτf
′
σ + fγf
′
σ − fσf
′
γ + fτf
′
γ − fγf
′
τ
= fσ(f
′
τ − f
′
γ) + fτ (f
′
γ − f
′
σ) + fγ(f
′
σ − f
′
τ ) = 0.
(9)
Let us thus assume that neither ρ′(u) nor the expression in (9) is zero. Thus, all of
f ′σ, f
′
τ , f
′
γ can not be equal, and by symmetry the same is true for fσ, fτ , fγ . Using
that f = f(Z) and f ′ = f ′(Z ′) and the symmetry of the expression, we may assume
without loss of generality that we are in one of two cases:
(1) fσ = 1, fτ = fγ = 0; or
(2) fσ = fτ = 1, fγ = 0.
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In the first case, we must thus have f ′τ 6= f
′
γ ; without loss of generality f
′
τ = 1
and f ′γ = 0. In other words, our connected component Z intersects σ but not τ
and γ, whereas Z ′ intersects τ but not γ.
Consider any ray ǫ of σ ∩ γ ∩ ρ. By (4) we must show that ǫ(u+ u′) ≥ 0 if ǫ 6= ρ,
and ǫ(u+ u′) ≥ −1 if ǫ = ρ. Suppose ǫ = ρ; then ǫ(u+ u′) = ǫ(u′)− 1. If ǫ(u′) < 0,
then ǫ is a vertex of Γρ′,u′ (note we are assuming ρ 6= ρ′). Now, ǫ is in τ , and Z ′
intersects τ , so by convexity, ǫ ∈ Z ′. But ǫ is also in γ, contradicting Z ′ ∩ γ = ∅.
Hence, ǫ(u′) ≥ 0, implying ǫ(u+ u′) ≥ −1 as required.
Suppose instead that ǫ = ρ′; then ǫ(u+ u′) = ρ′(u+ u′) = ǫ(u)− 1. If ǫ(u) < 0,
then ǫ is a vertex of Γρ,u. Since σ ∩Z 6= ∅, convexity again implies that ǫ ∈ Z, but
this contradicts Z ∩ τ = ∅. We have also assumed that ρ′(u) 6= 0, so we conclude
that ǫ(u) ≥ 1, and ǫ(u+ u′) ≥ 0.
Finally, supposed that ǫ 6= ρ, ρ′. Arguing similarly to above, we cannot have
ǫ(u) < 0, since then we would obtain ǫ ∈ Z, contradicting Z ∩ τ = ∅. Likewise,
we cannot have ǫ(u′) < 0. We thus conclude ǫ(u + u′) ≥ 0. This concludes the
argument for the first case.
In the second case, we notice that we cannot have f ′τ = f
′
σ, and may argue as in
the first case after appropriately permuting the roles of σ, τ , and γ. 
4.3. Lifting to simplicial cohomology. We are now able to come to our main
result:
Theorem 4.3. Fix ρ, ρ′ ∈ Σ(1) and u, u′ ∈M with ρ(u) = ρ′(u′) = −1.
(1) The image of
H˜0(Γρ,u,K)× H˜
0(Γρ′,u′ ,K)
in H2(X, TX) under the cup product via (1) is 0 unless ρ(u′) = 0 or ρ′(u) =
0.
(2) Assume that ρ(u′) = 0, and let f = (fσ) and f
′ = (f ′σ) be Cˇech zero-
cycles of Γρ,u and Γρ′,u′ . Then the cup product of (f, f
′
) is contained in
H1(Kρ,u+u′) via (2) and may be represented by the Cˇech one-cocycle g =
(gστ ) where
gστ =
{
ρ′(u)
2 (fσf
′
τ − fτf
′
σ) Kρ,u+u′ ∩ σ ∩ τ 6= ∅,
0 otherwise.
A similar formula holds when ρ′(u) = 0.
Proof. Let f, f ′ be Cˇech zero-cocyles of Γρ,u and Γρ′,u′ . We first show item 1. If
ρ = ρ′, then Lemma 4.1 implies that the image of the cup product of the classes
of f and f ′ in H2(X, TX) is zero. So we may henceforth assume that ρ 6= ρ
′. By
Lemma 4.2, the cup product of the classes of f and f ′ may be represented by a
cocyle in ⊕
ρ∈Σ(1)
H2(X,O(Dρ))u+u′
living entirely in the ρ and ρ′ summands. But it follows from Proposition 3.1
that these vanish respectively unless ρ(u + u′) = −1 or ρ′(u + u′) = −1. Given
ρ(u) = ρ′(u′) = −1, this is equivalent to ρ(u′) = 0 or ρ′(u) = 0. This completes the
proof of the first item.
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For item 2, assume now that ρ(u′) = 0. By Lemma 4.2, it follows that the cup
product of the classes of f and f ′ may be thought of as a class inH2(X,O(Dρ))u+u′ ,
represented by the cocycle −κ with
κστγ =
ρ′(u)
2
(
fσf
′
τ − fτf
′
σ + fγf
′
σ − fσf
′
γ + fτf
′
γ − fγf
′
τ
)
· χu+u
′
.
We consider the element g˜ ∈ Cˇ1(W ,K) defined by
g˜στ =
ρ′(u)
2
(fσf
′
τ − fτf
′
σ).
On the one hand, the image of g˜ in Cˇ1(V ,K) is exactly the one-cochain g from the
statement of the theorem. On the other, we may compute that
d1(g˜)στγ =
ρ′(u)
2
(fτf
′
σ − fσf
′
τ + fσf
′
γ − fγf
′
σ + fγf
′
τ − fτf
′
γ)
in Cˇ2(W ,K). This is exactly the image of −κ under the inclusion
Cˇ2(U ,O(Dρ))u+u′ →֒ Cˇ
2(W ,K).
The exact sequence (6) and its compatibility with the Cˇech differentials implies
that g is a cocycle in Cˇ1(V ,K), and that the image of its cohomology class under
the connecting homomorphism is represented by −κ. This completes the proof of
the second claim. 
5. Pulling back to cycles
5.1. Setup. Let α be a simple cycle in Kρ,u+u′ , that is, an oriented connected
subgraph of the edges of Kρ,u+u′ in which no edges are repeated and every vertex
has degree 2. Such a cycle α gives rise to a one-cycle [α] in the simplicial homology
H1(Kρ,u,K) by considering the sum
[α] =
∑
E∈α
±E
with signs depending on the orientation of α and the chosen orientation of Kρ,u.
This similarly determines a distinguished generator of H1(α,K) which we will also
denote by [α]. We denote the element in H1(α,K) dual to the class in H1(α,K) of
[α] by αfun.
Definition 5.1. A Σ-reduced cycle is a simple cycle α in Kρ,u+u′ , with [α] not
homologous to zero, such that no edges of α are contained in a common cone of Σ.
By the following lemma, it will suffice to consider only Σ-reduced cycles:
Lemma 5.2. Any class in H1(Kρ,u+u′ ,K) may be written as a sum of classes of
Σ-reduced cycles.
Proof. It suffices to show the lemma for classes represented by [β], for some simple
cycle β. Suppose that β is not Σ-reduced, with edges E1 and E2 contained in a
cone σ. If E1 = [v1, v2] and E2 = [v2, v3], then we may replace these edges in β by
E = [v1, v3] and obtain an equivalent homology class. The resulting simple cycle
β′ has one fewer edge.
Similarly, if E1 ∩ E2 = ∅, we may split β into simple cycles β′, β′′ such that [β]
is homologous to [β′] + [β′′] and both these cycles have fewer edges.
The claim now follows by infinite descent.
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Given a Σ-reduced cycle α, the closed cover V of Kρ,u+u′ induces a closed cover
Vα = {V ασ } of α:
V ασ = α ∩ σ.
This closed cover is contractible, so Hp(Vα,K) = Hp(α,K).
There is a natural map of complexes
Cˇ•(V ,K)→ Cˇ•(Vα,K)
induced by restriction. The corresponding map of cohomology
ι∗α : H
p(Kρ,u+u′ ,K)→ H
p(α,K)
is the pullback morphism corresponding to the inclusion ια : α →֒ Kρ,u+u′ . In
particular, for any ω ∈ H1(Kρ,u+u′ ,K),
ι∗α(ω) = 〈α, ω〉 · αfun
where 〈 , 〉 denotes the pairing between H1 and H
1.
5.2. Computing the cup product. Fix a Σ-reduced cycle α, and let Z and Z ′
be connected components of Γρ,u and Γρ′,u′ . We now show how to compute ι
∗
α(ω)
directly, where ω is the class of H1(Kρ,u,K) corresponding to the cup product of
the classes of f(Z) and f ′(Z ′).
Let E(α) denote the set of edges α. We will write
E(α) = {E1, . . . , Ek}
with the edges ordered cyclically modulo k (Ei+1 is the edge following Ei). For
each edge Ei of α we fix a maximal cone σi with σi ∩ α = Ei. These cones exist
since α is Σ-reduced.
To Z we associate a subset α(Z) of E(α):
α(Z) = {Ei ∈ E(α) | Z ∩ σi 6= ∅}.
The set α(Z ′) is defined analogously. An index 1 ≤ i ≤ k is relevant if
α(Z) ∩ {Ei, Ei+1}, α(Z
′) ∩ {Ei, Ei+1}
are not equal but both non-empty, and their union contains both Ei and Ei+1.
Here, indices are taken modulo k.
We set
Z ∗α Z
′ : =
ρ′(u)
2
·
∑
i relevant
bi
bi =
{
1 Ei ∈ α(Z), Ei+1 ∈ α(Z ′),
−1 Ei ∈ α(Z ′), Ei+1 ∈ α(Z).
See Figure 1 for an illustration of various values of bi.
Theorem 5.3. With the above notation,
ια(ω)
∗ = (Z ∗α Z
′) · αfun.
In particular, the image under the cup product of H˜0(Γρ,u,K)×H˜0(Γρ′,u′ ,K) under
the cup product is zero if and only if for all Σ-reduced cycles α and all connected
components Z,Z ′ of Γρ,u and Γρ′,u′ , Z ∗α Z
′ = 0.
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α(Z)
α(Z ′)
(1)
(1)
α(Z)
α(Z ′)
(1)
(−1)
α(Z)
α(Z ′)
(1)
Figure 1. Values of bi
Proof. We know by Theorem 4.3 that ω is represented in H1(Kρ,u+u′ ,K) by the
cocyle g = (gστ ), where
gστ =
{
ρ′(u)
2 (fσf
′
τ − fτf
′
σ) Kρ,u+u′ ∩ σ ∩ τ 6= ∅,
0 otherwise.
The image of this cocyle under the map
Cˇ1(V ,K)→ Cˇ1(Vα,K)
is thus (hστ ) where
hστ =
{
ρ′(u)
2 (fσf
′
τ − fτf
′
σ) α ∩ σ ∩ τ 6= ∅,
0 otherwise.
There is an easier closed cover Wα = (Ei) of α that we would like to use;
it is indexed by 1 ≤ i ≤ k. This is again a closed cover with all intersections
contractible, so it also computes H1(α,K). The assignment i 7→ σi lets us view Vα
as a refinement of Wα, and induces a map of Cˇech complexes
Cˇp(Wα,K)→ Cˇp(V α,K)
see e.g. [Har77, Exercise III.4.4]. This map has a natural section given by forget-
ting entries with indices not among the σi; both maps induce isomorphisms on
cohomology.
Hence, we may represent ι∗α(ω) as a Cˇech one-cocycle with respect to W
α by
(aij) with
aij =
{
ρ′(u)
2 (fσif
′
σj
− fσjf
′
σi
) i− j ≡ ±1 mod k,
0 otherwise.
On the other hand, a straightforward computation shows that for any Cˇech one-
cocycle c = (cij) with respect to Wα, the class represented by c in H1(α,K) is(
k∑
i=1
ci(i+1)
)
· αfun
where indices are taken modulo k.
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We thus compute
k∑
i=1
ai(i+1) =
k∑
i=1
ρ′(u)
2
(fσif
′
σi+1
− fσi+1f
′
σi
)
=
∑
i relevant
ρ′(u)
2
(fσif
′
σi+1
− fσi+1f
′
σi
)
=
∑
i relevant
ρ′(u)
2
bi = Z ∗α Z
′.
This completes the proof. 
6. An Obstructed Example
We now consider the following concrete example. Let N = Z3, and define rays
ρ1 = Q≥0 · (1, 0, 0), ρ2 = Q≥0 · (1, 0,−1), ρ3 = Q≥0 · (1, 0, 1),
ρ4 = Q≥0 · (2,−1, 0), ρ5 = Q≥0 · (1,−1, 0), ρ6 = Q≥0 · (1, 1, 0),
ρ7 = Q≥0 · (0, 1,−1), ρ8 = Q≥0 · (0, 1, 1), ρ9 = Q≥0 · (−1, 0, 0).
These ρi form the rays of a smooth complete fan Σ whose maximal cones are
spanned by
ρ1, ρ2, ρ4, ρ1, ρ2, ρ7, ρ1, ρ3, ρ4,
ρ1, ρ3, ρ8, ρ1, ρ6, ρ7, ρ1, ρ6, ρ8,
ρ2, ρ4, ρ5, ρ2, ρ5, ρ9, ρ2, ρ7, ρ9,
ρ3, ρ4, ρ5, ρ3, ρ5, ρ9, ρ3, ρ8, ρ9,
ρ6, ρ7, ρ9, ρ6, ρ8, ρ9.
We will see using Theorem 5.3 that XΣ has non-vanishing cup-product, and hence
obstructed deformations. This will show:
Corollary 6.1. There exists a smooth complete toric threefold with obstructed de-
formations.
The degrees where we will look for first-order deformations are u = (−1, 0, 0)
and u′ = (0,−1, 0). We picture the intersection of Σ with the hyperplane
{v ∈ NQ | v(u) = −1}
in Figure 2. The graph Γρ1,u is also pictured in the figure in blue bold lines. It
has two connected components: one component contains the generators of the rays
ρ2, ρ3, ρ4, ρ5, and the other contains the generator of ρ6. We will denote the first
component by Z. Note that for any other choice of ray ρ, Γρ,u is connected. Hence,
H1(X, TX)u is one-dimensional.
In Figure 3 we picture the intersection of Σ with the hyperplane
{v ∈ NQ | v(u
′) = −1}
along with the graph Γρ6,u′ . This graph has two connected components, consisting
of the primitive generators of ρ7 and ρ8. We denote the first of these components
by Z ′. Again for any other choice of ray ρ, Γρ,u′ is connected, so H
1(X, TX)u′ is
also one-dimensional.
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ρ1
ρ4
ρ2
ρ5
ρ3
ρ6
Figure 2. Σ ∩ [u = −1] for u = (−1, 0, 0) and Γρ1,u
ρ6
ρ8
ρ7
Figure 3. Σ ∩ [u′ = −1] for u′ = (0,−1, 0) and Γρ6,u′
We will now compute the cup product ω of the first-order deformations corre-
sponding to Z and Z ′. By Theorem 4.3, it is possible that this is non-zero, since
ρ1(u
′) = 0. This class will live in degree u+ u′, so we picture the intersection of Σ
with the hyperplane
{v ∈ NQ | v(u + u
′) = −1}
in Figure 4.
Let α be the Σ-reduced cycle pictured in gray oriented in counter-clockwise
direction. That is, α has vertices (in order) at the primitive generators of
ρ8, ρ3, ρ4, ρ2, ρ7, ρ6, ρ8.
This is indeed Σ-reduced. To apply Theorem 5.3, we must choose a maximal cone
σi ∈ Σ for each edge of α. In this instance there is a canonical choice: for the edge
corresponding to rays ρi and ρj , we take the cone generated by ρi, ρj, ρ1.
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ρ6ρ1
ρ3
ρ2 ρ7
ρ8
ρ4
(1)
(1)
Figure 4. Σ ∩ [u+ u′ = −1], α, and α(Z), α(Z ′)
This gives rise to the sets α(Z) and α(Z ′), pictured in the figure in blue and
red, respectively. The set α(Z) is a subgraph with vertices equal to the primitive
generators of ρ8, ρ3, ρ4, ρ2, ρ7, and the set α(Z
′) is a subgraph with vertices equal
to the primitive generators of ρ2, ρ7, ρ6.
The only relevant indices are for the edges corresponding to ρ4, ρ2 and ρ2, ρ7;
each contributes a value of bi = 1, so we obtain by Theorem 5.3 that
ι∗α(ω) = 1 · αfun.
In particular, the cup product ω of the first-order deformations corresponding to Z
and Z ′ is non-zero.
Acknowledgements. Both authors were partially supported by NSERC. The first
author was partially supported by the grant 346300 for IMPAN from the Simons
Foundation and the matching 2015-2019 Polish MNiSW fund.
References
[Alt94] Klaus Altmann. Computation of the vector space T 1 for affine toric varieties. J. Pure
Appl. Algebra, 95(3):239–259, 1994.
[Alt95] Klaus Altmann. Minkowski sums and homogeneous deformations of toric varieties.
Tohoku Math. J. (2), 47(2):151–184, 1995.
[Alt97a] Klaus Altmann. Infinitesimal deformations and obstructions for toric singularities. J.
Pure Appl. Algebra, 119(3):211–235, 1997.
[Alt97b] Klaus Altmann. The versal deformation of an isolated toric Gorenstein singularity.
Invent. Math., 128(3):443–479, 1997.
[Bos13] Siegfried Bosch. Algebraic geometry and commutative algebra. Universitext. Springer,
London, 2013.
[CCG+13] Tom Coates, Alessio Corti, Sergey Galkin, Vasily Golyshev, and Alexander Kasprzyk.
Mirror symmetry and Fano manifolds. In European Congress of Mathematics, pages
285–300. Eur. Math. Soc., Zu¨rich, 2013.
[CLS11] David A. Cox, John B. Little, and Henry K. Schenck. Toric varieties, volume 124 of
Graduate Studies in Mathematics. American Mathematical Society, Providence, RI,
2011.
[Fil] Matej Filip. The Gerstenhaber product HH2(A) × HH2(A) → HH3(A) of affine toric
varieties and Poisson deformations. arXiv:1803.07486 [math.AG].
SMOOTH TORIC VARIETIES: OBSTRUCTIONS AND THE CUP PRODUCT 19
[Ful93] William Fulton. Introduction to toric varieties, volume 131 of Annals of Mathematics
Studies. Princeton University Press, Princeton, NJ, 1993. The William H. Roever
Lectures in Geometry.
[God58] Roger Godement. Topologie alge´brique et the´orie des faisceaux. Actualit’es Sci. Ind.
No. 1252. Publ. Math. Univ. Strasbourg. No. 13. Hermann, Paris, 1958.
[Har77] Robin Hartshorne. Algebraic geometry. Springer-Verlag, New York-Heidelberg, 1977.
Graduate Texts in Mathematics, No. 52.
[Ilt11] Nathan Owen Ilten. Deformations of smooth toric surfaces.Manuscripta Math., 134(1-
2):123–137, 2011.
[IS17] Nathan Ilten and Hendrik Su¨ss. K-stability for Fano manifolds with torus action of
complexity 1. Duke Math. J., 166(1):177–204, 2017.
[IV12] Nathan Owen Ilten and Robert Vollmert. Deformations of rational T -varieties. J. Al-
gebraic Geom., 21(3):531–562, 2012.
[Jac94] Krzysztof Jaczewski. Generalized Euler sequence and toric varieties. In Classification
of algebraic varieties (L’Aquila, 1992), volume 162 of Contemp. Math., pages 227–247.
Amer. Math. Soc., Providence, RI, 1994.
[Mav] Anvar Mavlyutov. Deformations of toric varieties via minkowski sum decompositions
of polyhedral complexes. arXiv:0902.0967 [math.AG].
[Mav04] Anvar R. Mavlyutov. Deformations of Calabi-Yau hypersurfaces arising from defor-
mations of toric varieties. Invent. Math., 157(3):621–633, 2004.
[Pet] Andrea Petracci. Homogeneous deformations of toric pairs. arXiv:1801.05732
[math.AG].
[RT14] Yann Rollin and Carl Tipler. Deformations of extremal toric manifolds. J. Geom.
Anal., 24(4):1929–1958, 2014.
[Tia87] Gang Tian. Smoothness of the universal deformation space of compact Calabi-Yau
manifolds and its Petersson-Weil metric. In Mathematical aspects of string theory
(San Diego, Calif., 1986), volume 1 of Adv. Ser. Math. Phys., pages 629–646. World
Sci. Publishing, Singapore, 1987.
[Tod89] Andrey N. Todorov. The Weil-Petersson geometry of the moduli space of SU(n ≥ 3)
(Calabi-Yau) manifolds. I. Comm. Math. Phys., 126(2):325–346, 1989.
[Vak06] Ravi Vakil. Murphy’s law in algebraic geometry: badly-behaved deformation spaces.
Invent. Math., 164(3):569–590, 2006.
Department of Mathematics, Simon Fraser University, 8888 University Drive, Burn-
aby BC V5A1S6, Canada
Mathematical Institute of the Polish Academy of Sciences, Sniadeckich 8, 00-656
Warszawa
E-mail address: nilten@sfu.ca
Department of Mathematics, Simon Fraser University, 8888 University Drive, Burn-
aby BC V5A1S6, Canada
E-mail address: cturo@sfu.ca
